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For any positive integer n, there is a two-coloring of the subgroup of Q” consisting of 
rational points with “odd denominator” which forbids all (usual Euclidean) distances d(p/q), 
p, q odd positive integers. From this it follows that there are a two-coloring of Q3, and a 
four-coloring of Q4, which forbid those distances. These results improve the known results that 
the chromatic numbers of Q3 and Q4 are 2 and 4, respectively. 
Definitions 
(1) Suppose (A, +, 0) is an abelian group and S GA. A coloring (or partition) 
of A forbids S if and only if, for each a E A, s E S, a and a + s have different 
colors (belong to different sets of the partition). 
(2) Suppose (X, d) is a metric space, and D is a set of positive numbers. A 
coloring of Xforbids the distances D if and only if for all x, y E X and s E D, if 
d(x, y) = s then x and y have different colors. 
(3) If 12 is a positive integer, A,, will denote the elements of Q” with “odd 
denominator”. That is, 
A,,= 
I( 
a’, . . . ,; 
b 
; 4,. . . > a, are integers and b is an odd integer . I 
Note that A,, is a subgroup of Q” (with respect to the usual addition). 
(4) Throughout, 
K = {j/@/q); p and q are odd positive integers}, 
and Q0 = {p/q; p and q are odd integers}. 
Note that Q. rl(0, CQ) G K. 
The purpose of this paper is to prove the following three theorems. The 
distance function referred to implicitly in their statements is the usual Euclidean 
distance on R”. 
Theorem 1. For each positive integer n, there is a two-coloring of A,, which 
forbids the dktunces K. 
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Theorem 2. There is a two-coloring of Q3 which forbids the distances K. 
Theorem 3. There is a four-coloring of Q4 which forbids the distances K. 
Some easy observations are in order before we go into the proofs. With regard 
to definition (l), note that if (A, +, 0) is an abelian group, and S E A, then there 
is an n-coloring of A which forbids S if and only if there is an n-coloring of (S), 
the subgroup of A generated by S, which forbids S. The necessity is clear, and for 
the sufficiency, observe that if (S) is colored so as to forbid S, then we can copy 
the coloring on each coset of (S), to obtain a coloring of A, with the same 
number of colors, which forbids S. 
With regard to definitions (1) and (2), suppose (A, +, 0) is an abelian group, 
and is also a metric space with a translation-invariant metric d. Then a set D of 
distances is forbidden by a coloring of A if and only if the set 
S = {a E A; for some s E D, d(a, 0) = s} 
is forbidden by the coloring. 
Note that Theorem 2 implies the corresponding result for Q* and Q. That result 
for Q is also derivable from the results in [3]. Theorem 2 also implies that 
Theorem 1 is of interest only for n 2 4. 
The chromatic number of a subset of R” is the smallest number of colors 
needed to color the set so that the distance 1 is forbidden. Benda and Perles [2] 
have proven that the chromatic number of Q4 is four, so the four-coloring 
mentioned in Theorem 3 cannot be improved to a three-coloring. Theorem 3 is an 
improvement of their result; it should be noted that its proof is based on an astute 
observation due entirely to them, that the subgroup of Cl!’ generated by the unit 
vectors with odd denominator has index 2 in the subgroup of Q4 generated by the 
unit vectors. 
Now to the proofs. 
Lemma 1. Suppose (A, +, 0) is an abelian group, and S c A. The following are 
equivalent. 
(a) There is a two-coloring of A forbidding S. 
(b) There is a two-coloring of A forbidding S U (-S). 
(c) There is a two-coloring of A forbidding S = { Cs.s m,s; the m, are integers, 
only finitely many non-zero, and C m, is odd}. 
(4 Tf 0 = Csss m,s is a finite integer combination of S, then CsESms is even. 
Proof. The equivalence of (a), (b) and (d) is proven in (31. Note that (d) is a 
thinly disguised restatement of the assertion that there are no odd cycles in the 
Cayley graph D,(A) (see [l], p. 180), the graph with vertices A, in which a, b E A 
are joined by an edge if and only if either a - b E S or b - a E S. 
Clearly (c) implies (b). On the other hand, supposing (b), note that if CscSms 
Two-colorings of a dense subgroup of Q” 193 
is odd, then, for a EA, you go from a to a + CsEsmss by an odd number of 
translations by elements of S U (-S). Since there are only two colors, and the 
color changes at each translation, a and a + CseS m,s must have different colors, 
so the two-coloring which forbids S U (-S) must also forbid 3. Cl 
Hereafter, a subset S of an abelian group A which satisfies any, and thus all, of 
the conditions (a)-(d) of Lemma 1, will be called weakly two-free, or wtf for 
short. 
Lemma 2. CD0 is wrf. 
Proof. Suppose ml, . . . , m, are integers, p,, . . . , pr, q,, . . . , qr are odd inte- 
gers, and 0 = C mipi/qi. Multiplying through by an odd common multiple of the 
qi, we have, for some odd integers Qi, 
0 = C m,p&, E C mi mod 2, 
so C mi is even. •! 
Proof of Theorem 1. By Lemma 1 and earlier remarks, it suffices to show that 
s= K $...,+An;~(%)' ’ = ; for some odd positive integers p and q > 
satisfies (d) of Lemma 1. 
Observe that if a,, . . . , a, are integers, b is odd, p and q are odd, and 
q(x ui) = b2p, then 
l-b’p-q(Cu”)=Cu, mod2, 
so 
) = 2 (u,lb) = (2 ui)lb E Qo. 
Note that T is just the linear functional on R” defined by T(x,, . . . , x,) = C xi. 
Suppose aI, . . . , cu, ES, m,, . . . , m, are integers and 0 = C mini. Then 
O= T(C mia;) = 2 m,T(mi). 
Since T(aJ E Qo, i = 1, . . . , r, it must be that C mi is even, by Lemma 2. Thus S 
is wtf. Cl 
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Proof of Theorem 2. By Theorem 1 and previous remarks, it suffices to show that 
if a, b, c, d are integers with greatest common divisor 1, p and q are odd integers, 
and 
(;)‘+(fY+($“;, 
then d is odd. In such a case, we have 
q(a* + b* + c”) = pd’. (5) 
If d is even, then exactly one of a, b, c is even (they cannot all be even because 
gcd(a, b, c, d) = 1). But then (5) implies that 2 = 0 mod 4. Thus d is odd. q 
Lemma 3. Suppose (A, +, 0) is an abelian group, S is a set of generators of A, B 
k a subgroup of A, S\B is non-empty, and for any a, b E S\B, a + b, a - b E B. 
Then B has index 2 in A. 
Proof. The hypothesis implies that the members of S\B belong to the same coset 
C of B, and C # B. Any a E A can be expressed as an integer combination 
C miai + C nibi, with each Ui E S\B and each bi E S n B. Clearly C nibi E B. The 
hypothesis clearly implies that if C mi is even, then C miai E B, and if C mi is odd, 
then C miai = a, + (ml - 1)~~ + xi+1 miai E ~1 + B = C. Thus u is either in B or C. 
Thus B has exactly two cosets in A. Cl 
Proof of Theorem 3. Let 
for some odd integers p, q, 
Let A = (S), the subgroup of Q4 generated by S, and let B = A fl A,, the 
subgroup of A consisting of elements of A with odd denominator. By Theorem 1, 
A,, and thus B, is two-colorable so that the distances K are forbidden. The plan 
here is to show that B has index 2 in A. If so, then we copy the coloring of B on 
its other coset in A, using different colors. The resulting 4-coloring of A forbids 




we may as well suppose that gcd(a, b, c, d, e) = 1. We have that e is even, and for 
some odd positive integers p, q, 
q(a’ + b* + c* + d2) = pe*. (6) 
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Either all or exactly two of a, 6, c, d are odd. If exactly 2, then (6) implies that 
2= 0 mod 4. Thus all of a, b, c, d are odd. Then (6) implies that 
+44qy& mod 8, because the square of any odd inkger is =l mod 8. 
We conclude, besides the fact that a, b, c, d are all odd, that e = 2e,, for some 
ei odd. Therefore, if a, p E S\B, cx + p and (Y - j3 have odd denominator, and 
thus both lie in B. Therefore, B has index 2 in A, by Lemma 3, and the proof is 
complete. •! 
Some remarks and problems 
The rational points on the unit circle in R2 have odd denominator, and are 
dense on the unit circle. From this observation it is easy to see that for any 
two-coloring of A, that forbids the distance 1, each color class is dense in A,. 
Since A, is dense in Q2, the corresponding statement with A2 replaced by Q2 
holds as well. [Note that the corresponding statement with A, replaced by Q is 
false.] Since A, = A2 X An_2 for n 2 3, the corresponding statement holds for A,, 
n > 3, as well, and for Q,. Thus, a fortiori (since 1 E K), the two-colorings whose 
existence is asserted in Theorems 1 and 2 have the property that each color class 
is dense, in Q3 or A,, n 32, as the case may be. 
The four-colorings of Q4 that arise as in the proof of Theorem 3 have the 
property that each color class is dense in Q4, but it is not clear that every 
four-coloring of CD4 which forbids the distances K, or the distance 1, must arise in 
that way. 
Problem. Is it true that for every four-coloring of Q4 that forbids the distance 1, 
each color class must be dense in Q4? 
In an earlier, preprint version of this paper, three other problems were posed, 
regarding which distances can be, or must be, forbidden by two-colorings of Q2, 
Q3, or A,, n a 4, which forbid the distances K, or the distance 1. All of these 
problems have now been solved by Jungreis et al. in [4], where it is shown that, 
with H = Q2, Q’, or A,, n 2 4, if d is a distance actually realized between points 
of H, and if there is a two-coloring of H that forbids the distances 1 and d, then d 
must be a member of K. 
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